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MANIFOLDS COVERED BY LINES AND THE HARTSHORNE
CONJECTURE FOR QUADRATIC MANIFOLDS
PALTIN IONESCU* AND FRANCESCO RUSSO
ABSTRACT. Small codimensional embedded manifolds defined by equations of
small degree are Fano and covered by lines. They are complete intersections
exactly when the variety of lines through a general point is so and has the right
codimension. This allows us to prove the Hartshorne Conjecture for manifolds
defined by quadratic equations and to obtain the list of such Hartshorne mani-
folds.
INTRODUCTION
The present paper is a natural sequel to our previous work, see [Ru2, IR, IR2]
and also [BI]. The geometry of the variety of lines passing through the general
point of an embedded projective manifold is investigated, in the framework of Mori
Theory. Our main results are a proof of the Hartshorne Conjecture on complete
intersections for manifolds defined by quadratic equations and a description of all
extremal cases.
We consider n-dimensional irreducible non-degenerate complex projective man-
ifolds X ⊂ Pn+c. We call X a prime Fano manifold of index i(X) if its Picard
group is generated by the hyperplane section class H and −KX = i(X)H for
some positive integer i(X). One consequence of Mori’s work [Mo] is that, for
i(X) > n+12 , X is covered by lines, i.e. through each point of X there passes a line,
contained in X. As noticed classically, Fano complete intersections with i(X) > 2
are also covered by lines. The “biregular part” of Mori Theory (no singularities,
no flips, ...), see [Mo2, De, Ko], provides the natural setting for studying manifolds
covered by lines. For instance, as first noticed in [BSW], when the dimension of
the variety of lines passing through a general point is at least n−12 , there is a Mori
contraction of the covering family of lines. Moreover, its general fiber (which is
still covered by lines) has cyclic Picard group, thus being a prime Fano manifold.
For prime Fanos, the study of covering families of lines is nothing but the classi-
cal aspect in the theory of the variety of minimal rational tangents, developed by
Hwang and Mok in a remarkable series of papers, see e.g. [HM, HM2, HM3, Hw].
We also recall that lines contained in X play a key role in the proof of an important
result due to Barth–Van de Ven and Hartshorne, cf. [Ba]. It states that X must be
2000 Mathematics Subject Classification. 14MXX, 14NXX, 14J45, 14M07.
Key words and phrases. Fano manifold, covered by lines, quadratic manifold, Hartshorne
Conjecture.
*Partially supported by the Italian Programme “Incentivazione alla mobilita` di studiosi stranieri
e italiani residenti all’estero”.
1
2 PALTIN IONESCU AND FRANCESCO RUSSO
a complete intersection when its dimension is greater than a suitable (quadratic)
function of its degree.
Prime Fanos of high index other than complete intersections are quite rare.
Moreover, all known examples of prime Fanos of high index are either complete
intersections or quadratic, i.e. scheme theoretically defined by quadratic equations.
Mumford, [Mum], was the first to call the attention to the fact that many special but
highly interesting embedded manifolds are quadratic. One crucial remark we made
is that prime Fanos of high index are embedded with small codimension, which nat-
urally leads us to the famous Hartshorne Conjecture, see [Ha]: if n > 2c + 1, X
should be a complete intersection. This conjecture is already very difficult even
in the special case of (prime) Fano manifolds. Early contributions related to the
conjecture came by with a topological flavor. First the celebrated Fulton–Hansen
Connectivity Theorem [FH], followed by Zak’s Linear Normality Theorem and his
equally famous Theorem on Tangencies, see [Za]. Then, the beautiful result of
Faltings [Fa], later improved by Netsvetaev [Ne], showing that X is a complete in-
tersection when the number of equations scheme theoretically defining it is small.
Another development, suggested by classical work of Severi, is due to Bertram–
Ein–Lazarsfeld [BEL]. They characterize complete intersections in terms of the
degrees of the first c equations defining X (in decreasing order).
Consider now x ∈ X a general point and let Lx denote the variety of lines
through x, contained in X. Note that Lx is naturally embedded in Pn−1 = the
space of tangent directions at x. Let a := dim(Lx) and note that for prime Fanos,
i(X) = a + 2. When a > n−12 , Lx ⊂ P
n−1 is smooth, irreducible and, due to a
key result by Hwang [Hw], non-degenerate. Our Theorem 2.4, inspired by [BEL,
Corollary 4], shows that we can relate the equations of Lx ⊂ Pn−1 to those of
X ⊂ PN . In particular, manifolds of small codimension and defined by equations
of small degree are covered by lines; moreover, X ⊂ PN is a complete intersection
if and only if Lx ⊂ Pn−1 is so and its codimension is the right one. In case X is
quadratic, we combine the above with Faltings’ Criterion [Fa] to deduce that, when
n > 2c + 1, Lx ⊂ P
n−1 is a complete intersection. Next, we appeal to a different
ingredient, leading to a proof of the Hartshorne Conjecture for quadratic mani-
folds, see Theorem 3.8. The necessary new piece of information is provided by the
projective second fundamental form which, due to the Fulton–Hansen Connectiv-
ity Theorem, turns out to be of maximal dimension. We would like to point out
that, working with local differential geometric methods, in the spirit of [GH, IL],
Landsberg in [La] proved that when n > 3c+ b− 1 a (possibly singular) quadratic
variety X is a complete intersection, where b = dim(Sing(X)).
Using Netsvetaev’s Theorem [Ne], we show that the only quadratic manifolds
X ⊂ P
3n
2 which are not complete intersections are G(1, 4) ⊂ P9 and the spinorial
manifold S10 ⊂ P15, see our Theorem 3.9.
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1. PRELIMINARIES
(∗) Setting, terminology and notation
Throughout the paper we consider X ⊂ PN an irreducible complex projective
manifold of dimension n > 1. X is assumed to be non-degenerate and c denotes its
codimension, so that N = n + c. We also suppose that X is scheme theoretically
an intersection of m hypersurfaces of degrees d1 > d2 > · · · > dm. It is implicitly
assumed that m is minimal, i.e. none of the hypersurfaces contains the intersection
of the others. We put d :=
∑c
i=1(di − 1). X ⊂ P
N is called quadratic if it
is scheme theoretically an intersection of quadrics (i.e. d1 = 2). Note that this
happens precisely when d = c.
For x ∈ X we let TxX denote the (affine) Zariski tangent space to X at x, and
write TxX for its projective closure in PN . H denotes a hyperplane section (class)
of X. As usual, KX stands for the canonical class of X. Also, if Y ⊂ X is a
submanifold, we denote by NY/X its normal bundle. For a vector bundle E, P(E)
stands for its projectivized bundle, using Grothendieck’s convention.
We let SX ⊂ PN be the secant variety of X, that is the closure of the locus of
secant lines. The secant defect of X is the (nonnegative) number δ = δ(X) :=
2n+ 1− dim(SX). We say X is secant defective when δ > 0.
X ⊂ PN is conic-connected if any two general points x, x′ ∈ X are contained
in some conic Cx,x′ ⊂ X. Conic-connected manifolds are secant defective. Clas-
sification results for conic-connected manifolds are obtained in [IR], working in
the general setting of rationally connected manifolds.
For a general point x ∈ X, we denote by Lx the (possibly empty) scheme of
lines contained in X and passing through x. We say that X ⊂ PN is covered by
lines if Lx is not empty for x ∈ X a general point. We refer the reader to [De, Ko]
for standard useful facts about the deformation theory of rational curves; we shall
use them implicitly in the simplest case, that is lines on X.
Recall that X is Fano if −KX is ample. The index of X, denoted by i(X), is
the largest integer j such that −KX = jA for some ample divisor A.
(∗∗) The projective second fundamental form
We recall some general results which are probably well known to the experts but
for which we are unable to provide a proper reference.
There are several possible equivalent definitions of the projective second funda-
mental form |IIx,X | ⊆ P(S2(TxX)) of an irreducible projective variety X ⊂ PN
at a general point x ∈ X, see for example [IL, 3.2 and end of Section 3.5]. We use
the one related to tangential projections, as in [IL, Remark 3.2.11].
Suppose X ⊂ PN is non-degenerate, as always, let x ∈ X be a general point
and consider the projection from TxX onto a disjoint Pc−1
(1.1) πx : X 99K Wx ⊆ Pc−1.
The map πx is associated to the linear system of hyperplane sections cut out by hy-
perplanes containing TxX, or equivalently by the hyperplane sections singular at x.
Let ϕ : BlxX → X be the blow-up of X at x, let
E = P((TxX)
∗) = Pn−1 ⊂ BlxX
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be the exceptional divisor and let H be a hyperplane section of X ⊂ PN . The
induced rational map π˜x : BlxX 99K Pc−1 is defined as a rational map along E
since X ⊂ PN is not a linear space. The restriction of π˜x to E is given by a linear
system in |ϕ∗(H)− 2E||E ⊆ | − 2E|E | = |OP((TxX)∗)(2)| = P(S2(TxX)).
Definition 1.1. The second fundamental form |IIx,X | ⊆ P(S2(TxX)) of an irre-
ducible non-degenerate variety X ⊂ PN of dimension n > 2 at a general point
x ∈ X is the non-empty linear system of quadric hypersurfaces in P((TxX)∗)
defining the restriction of π˜x to E.
Clearly dim(|IIx,X |) 6 c−1 and π˜x(E) ⊆Wx ⊆ Pc−1. From this point of view
the base locus on E of the second fundamental form |IIx,X | consists of asymptotic
directions, i.e. of directions associated to lines having a contact of order at least
three with X at x. For example, as we shall see, when X ⊂ PN is quadratic, the
base locus of the second fundamental form consists of points representing tangent
lines contained in X and passing through x, so that it is exactly (even scheme
theoretically) Lx.
Proposition 1.2. Let X ⊂ PN be a smooth irreducible non-degenerate variety of
secant defect δ > 1. Then dim(|IIx,X |) = c− 1 for x ∈ X a general point.
Proof. Let notation be as above. It is sufficient to show that dim(π˜x(E)) = n− δ
because π˜x(E) ⊆ Wx and Wx ⊆ Pc−1 is a non-degenerate variety, whose dimen-
sion is n− δ by the Terracini Lemma.
Let TX =
⋃
x∈X TxX be the tangential variety of X. The following formula
holds
(1.2) dim(TX) = n+ 1 + dim(π˜x(E)),
see [Te] (or [GH, 5.6, 5.7] and [IL, Proposition 3.13.3] for a modern reference).
The variety X ⊂ PN is smooth and secant defective, so that TX = SX by a
theorem of Fulton and Hansen, [FH]. Therefore dim(TX) = 2n+1− δ and from
(1.2) we get dim(π˜x(E)) = n− δ, as claimed. 
2. MANIFOLDS COVERED BY LINES
Let X ⊂ PN be as in (∗). The following examples of manifolds covered by lines
are of relevance to us.
Examples 2.1. (1) X ⊂ PN a Fano complete intersection with i(X) > 2.
(2) (Mori) X ⊂ PN a Fano manifold with Pic(X) = Z〈H〉 and i(X) > n+12 .
(3) X ⊂ PN a conic-connected manifold, different from the Veronese variety
v2(P
n) or one of its isomorphic projections.
Fix some irreducible component, say F , of the Hilbert scheme of lines on X ⊂
P
N
, such that X is covered by the lines in F . Put a =: deg(Nℓ/X) where [ℓ] ∈
F . Note that a > 0 and a = dim(Fx), where x ∈ X is a general point and
Fx = {[ℓ] ∈ F | x ∈ ℓ}. Moreover, we may view Fx as a closed subscheme of
P((TxX)
∗) ∼= Pn−1.
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When the dimension of Fx is large, the study of manifolds covered by lines is
greatly simplified by the following two facts:
First, we may reduce, via a Mori contraction, to the case where the Picard group
is cyclic; this is due to Beltrametti–Sommese–Wis´niewski, see [BSW]. Secondly,
the variety Fx ⊂ Pn−1 inherits many of the good properties of X ⊂ PN ; this is
due to Hwang, see [Hw]. See [BI] for an application of these principles.
Theorem 2.2. Assume a > n−12 . Then the following results hold:
(1) ([BSW]) There is a Mori contraction, say contF : X → W , of the lines
from F; let F denote a general fiber of contF and let f be its dimension;
(2) ([Wi]) Pic(F ) = Z〈HF 〉, i(F ) = a+2 and F is covered by the lines from
F contained in F ;
(3) ([Hw]) Fx ⊆ Pf−1 is smooth irreducible non-degenerate. In particular, F
has only one maximal irreducible covering family of lines.
The following very useful result was proved in [BEL, Corollary 4]. It will play
a crucial role in what follows.
Theorem 2.3 ([BEL]). Let X ⊂ PN be as in (∗). If
−KX = OX(n+ 1− d),
then X ⊂ PN is a complete intersection of type (d1, . . . , dc).
Proof. Under our hypothesis
hn+1(IX(d− n− 1)) = h
n(OX(d− n− 1))
= h0(ωX ⊗OX(n+ 1− d)) = h
0(OX ) 6= 0.
Thus X ⊂ PN fails to be d-regular and we can apply [BEL, Corollary 4]. 
Now we can prove the following theorem, showing that Lx ⊂ Pn−1 “behaves
better” than X ⊂ PN . Indeed we can control the number of equations defining
Lx, as in the classical Example 2.1 (1), but without assuming X to be a complete
intersection.
Theorem 2.4. Let X ⊂ PN be as in (∗). For x ∈ X a general point, put a =
dim(Lx). Then the following results hold:
(1) If Lx ⊂ Pn−1 is nonempty, it is set theoretically defined by (at most) d
equations; in particular, we have a > n− 1− d.
(2) If X is quadratic and Lx ⊂ Pn−1 is nonempty, Lx is scheme theoretically
defined by (at most) c quadratic equations.
(3) If d 6 n − 1, then Lx 6= ∅; assume moreover that n > c + 2 if X is
quadratic. Then
(a) X ⊂ PN is a Fano manifold with Pic(X) ≃ Z〈H〉 and i(X) = a+2;
(b) the following conditions are equivalent:
(i) X ⊂ PN is a complete intersection;
(ii) Lx ⊂ Pn−1 is a complete intersection of codimension d;
(iii) a = n− 1− d.
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(4) Assume that Pic(X) ≃ Z〈H〉, a > n−12 and Lx ⊂ Pn−1 is a complete
intersection. Then X is conic-connected, a 6 n− c− 1 and n > 2c+ 1.
Proof. Let us take a closer look at the proof of the previous result given in [BEL].
Since X ⊂ PN is scheme theoretically defined by equations of degree d1 > d2 >
· · · > dm, we can choose fi ∈ H0(PN ,IX(di)), i = 1, . . . , c, such that, letting
Qi = V (fi) ⊂ P
N
, we obtain the complete intersection scheme
Y = Q1 ∩ · · · ∩Qc = X ∪X
′,
where X ′ (if nonempty) meets X in a divisor.
Thus for x ∈ X general we have that a line l passing through x is contained
in X ⊆ Y if and only if l is contained in Y , that is Lx(X) ⊂ Pn−1 coincides set
theoretically with Lx(Y ) ⊂ Pn−1. Suppose, as recalled above, that
Y = V (f1, . . . , fc) = X ∪X
′ ⊂ PN
with fi homogeneous polynomials of degree di and let x ∈ X be a general point.
Without loss of generality we can suppose x = (1 : 0 : . . . : 0). Then in the
affine space AN defined by x0 6= 0, we have fi = f1i + f2i + · · · + f
di
i , with f
j
i
homogeneous of degree j in the variables (y1, . . . , yN ), where yl = xlx0 for every
l > 1 and x = (0, . . . , 0). The equations of Pn−1 inside PN−1 = P((TxPN )∗) are
exactly f11 = · · · = f1c = 0 while the equations of Lx(Y ) inside Pn−1 are f21 =
· · · = fd11 = · · · = f
2
c = · · · = f
dc
c = 0, which are exactly
∑c
i=1(di − 1) = d. In
particular Lx ⊂ Pn−1, if not empty, is set theoretically defined by these equations,
proving (1).
To prove (2), assume that X is quadratic. Keeping the notation above, we see
that Lx ⊂ Pn−1 is scheme theoretically defined by the equations f21 , . . . , f2m (mod-
ulo the ideal generated by f11 , . . . , f1c ). But the same homogeneous quadratic equa-
tions define the affine scheme X ∩TxX ⊂ TxX. In particular, the pointed affine
cone over Lx ⊂ P
n−1 and the scheme (X ∩TxX) \ {x} coincide. Consider now,
as above, Y = V (f1, . . . , fc) = X ∪ X ′. We have that the pointed affine cone
over Lx(Y ) ⊂ P
n−1 and the scheme (Y ∩ TxY ) \ {x} coincide and are scheme
theoretically defined by (at most) c quadratic equations. But X and Y coincide in
a neighborhood of x, hence the pointed affine cones over Lx(X) and Lx(Y ) also
coincide. As Lx(X) is smooth, this implies that Lx(Y ) is also smooth and so they
coincide as schemes (see also [Ru3] for more details and for other proofs of this
key result). This shows (2).
Under the hypothesis of (3), we deduce a > n− 1− d > 0.
The assertion about the Picard group in (a) follows from the Barth–Larsen The-
orem, see [BL]. Since x ∈ X is general and since Lx 6= ∅ by the above argument,
for every line l passing through x we have
−KX · l = 2 + a > 2,
concluding the proof of (a).
To show (b), let us remark that by the previous discussion (i) implies (ii); (ii)
implies (iii) is obvious. Theorem 2.3 shows that (iii) implies (i).
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We now pass to part (4). Since a > n−12 , Lx ⊂ Pn−1 is smooth irreducible and
non-degenerate by Theorem 2.2 (3). As Lx ⊂ Pn−1 is a non-degenerate complete
intersection of dimension greater or equal to one less its codimension, it follows
from the Terracini Lemma that SLx = Pn−1, see e.g. [Ru1]. Now we may apply
[HK, Theorem 3.14] to infer that X is conic-connected. In particular, we have
δ(X) > 0. From Proposition 1.2 it follows that dim |IIx,X | = c − 1. As Lx is
contained in the base-locus of |IIx,X |, it follows that Lx is contained in at least
c linearly independent quadrics. But, being a complete intersection, the number
of such quadrics can not exceed the codimension of Lx in Pn−1. This means that
c 6 n− 1− a, which is what we wanted. 
3. AROUND THE HARTSHORNE CONJECTURE; THE QUADRATIC CASE
In [Ha], Hartshorne made his now famous conjecture:
Conjecture 3.1 (HC). If X ⊂ PN is as in (∗) and n > 2c+1 then X is a complete
intersection.
This is still widely open, even for c = 2. We would like to state explicitly several
weaker versions.
Conjecture 3.2 (HCF). Assume that n > 2c + 1 and X is Fano; then X is a
complete intersection.
Conjecture 3.3 (HCL). Assume that X ⊂ PN is covered by lines with dim(Lx) >
n−1
2 and let T be the span of Lx in Pn−1. If dim(Lx) > 2 codim(Lx, T ), then
Lx ⊂ P
n−1 is a complete intersection.
Remarks 3.4. (1) When n > 2c+1, by the Barth–Larsen Theorem Pic(X) ∼=
Z〈H〉. In particular KX = bH for some integer b. So, saying that X is
Fano means exactly that b < 0; this happens, for instance, if X is covered
by lines.
(2) The (HCF) holds when c = 2, see [BC].
(3) By Theorem 2.2, the (HCL) concerns Fano manifolds X ⊂ PN with
Pic(X) ≃ Z〈H〉 and of index i(X) > n+32 .(4) Manifolds of (very) small degree are known to be complete intersections,
cf. [Ba]. The (HCF) would yield the following optimal result, see [Io].
Conjecture 3.5. If n > degree(X) + 1, then X is a complete intersection, unless
it is projectively equivalent to G(1, 4) ⊂ P9.
Note that the Segre embedding P1 × Pn−1 ⊂ P2n−1 has degree n and is not a
complete intersection if n > 3.
Prime Fano manifolds of high index tend to be complete intersections. In the
next proposition we propose such bounds on the index and show how they would
follow from the (HC). However, we expect this kind of result to be easier to prove
than the general (HC).
Proposition 3.6. (1) Let X ⊂ PN be a Fano manifold with Pic(X) ≃ Z〈H〉
and of index i(X) > 2n+53 . If the (HCL) and the (HCF) are true, then X
is a complete intersection.
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(2) The same conclusion holds assuming only the (HCF), but asking instead
that i(X) > 3(n+1)4 .
Proof. (1) Since i(X) > n+12 we get that X is covered by lines by Example 2.1 (2).
We have dim(Lx) = i(X) − 2 > 2n−13 >
n−1
2 , hence Lx ⊂ P
n−1 is smooth
irreducible non-degenerate by Theorem 2.2 (3). Moreover, we have dim(Lx) >
2 codim(Lx,P
n−1)+1. Thus Lx ⊂ Pn−1 is a complete intersection by the (HCL).
Next we may apply Theorem 2.4 (4) to infer that n > 2c + 1 and then use the
(HCF).
(2) Since i(X) > 2n3 we have that X is conic-connected by [HK]. From [IR,
Proposition 3.2] we infer
3(n+ 1)
4
6 i(X) 6
n+ δ
2
.
This yields δ > n2 so that SX = P
N by Zak’s Linear Normality Theorem. There-
fore δ = n− c+ 1 and
3(n + 1)
4
6 i(X) 6
n+ (n− c+ 1)
2
implies n > 2c+ 1, so the (HCF) applies. 
Note that for complete intersections X ⊂ PN , Lx ⊂ Pn−1 is also a complete
intersection. We believe that for manifolds covered by lines the converse should
also hold.
Conjecture 3.7. If X ⊂ PN is covered by lines and Lx ⊂ Pn−1 is a (say smooth
irreducible non-degenerate) complete intersection, then X is a complete intersec-
tion too.
Theorem 2.4 (4) shows that the above conjecture follows from the (HCF), at
least when dim(Lx) > n−12 .
Mumford in his seminal series of lectures [Mum] called the attention to the
fact that many interesting embedded manifolds are scheme theoretically defined
by quadratic equations.
As a special case of the results in [BEL], if X is quadratic, we have:
(1) If n > c− 1, then X is projectively normal;
(2) If n > c, then X is projectively Cohen–Macaulay.
Our main results are:
Theorem 3.8. Assume that X ⊂ PN is as in (∗) and X is quadratic.
(1) If n > c, then X is Fano.
(2) If n > c+ 1, then X is covered by lines. Moreover, Lx ⊂ Pn−1 is scheme
theoretically defined by c independent quadratic equations.
(3) If n > c+ 2, then the following conditions are equivalent:
(i) X ⊂ PN is a complete intersection;
(ii) Lx ⊂ Pn−1 is a complete intersection;
(iii) dim(Lx) = n− 1− c;
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(4) (HC) If n > 2c+ 1, then X is a complete intersection.
(5) If Pic(X) ≃ Z〈H〉 and X is Fano of index i(X) > 2n+53 , then X is a
complete intersection.
Proof. We use the notation in (∗). Moreover, denote by a := dim(Lx). Since X is
quadratic, we have d = c.
Since X is quadratic, N∗
X/PN
(2) is spanned by global sections. Therefore,
det(N∗
X/PN
)(2c) is also spanned and det(N∗
X/PN
)(2c+1) is ample. From n > c it
follows thatN+1 > 2c+1. We get the ampleness of−KX = det(N∗X/PN )(N+1),
thus proving (1).
From Theorem 2.4 (3) and (2) we deduce the first part in (2) and that Lx ⊂ Pn−1
is defined scheme theoretically by at most c quadratic equations. Since n > c+ 1,
we must have δ > n− c+1 > 0. From Proposition 1.2 we infer that the quadratic
equations defining Lx are independent, proving (2). This also shows that, when Lx
is a complete intersection, it has codimension c in Pn−1. From Theorem 2.4 (3) the
equivalence between conditions (i), (ii) and (iii) of part (3) is now clear.
To prove part (4), assume that n > 2c + 1. We first observe that by Theo-
rem 2.4 (1) we have a > n − 1 − c > n−12 . Next, since n > 2c + 1, Pic(X) ≃
Z〈H〉 by [BL]. From Theorem 2.2(3) Lx ⊂ Pn−1 is smooth irreducible and non-
degenerate. Being defined scheme theoretically by c 6 n−12 equations, it is a
complete intersection by the result of Faltings [Fa]. By the previous point X is a
complete intersection, too.
Finally, part (5) follows from part (4) and Proposition 3.6. 
Theorem 3.9. Assume that X ⊂ PN is as in (∗) and X is quadratic. If n = 2c
and X is not a complete intersection, then it is projectively equivalent to one of the
following:
(a) G(1, 4) ⊂ P9, or
(b) S10 ⊂ P15.
Proof. We need a refinement of Faltings’ Theorem from [Fa], due to Netsvetaev,
see [Ne]. Since we assumed that X is not a complete intersection, we have a >
n − c = n2 >
n−1
2 , so Lx ⊂ P
n−1 is smooth irreducible non-degenerate by
Theorem 2.2 (3). Moreover, by the previous theorem, Lx is not a complete inter-
section in Pn−1, but it is scheme theoretically defined by c independent quadratic
equations. Netsvetaev’s Theorem from [Ne] applied to Lx ⊂ Pn−1 gives the in-
equalities
3n− 6
4
6 a <
3n− 5
4
.
We may assume n > 6 (otherwise Lx is a complete intersection), so we deduce
that n = 4r + 2 and a = 3r, for a suitable r. If r > 2 (equivalently n > 10), we
would have a > 2(n − 1 − a) + 1 and Lx would be a complete intersection by
Theorem 3.8 (4). In conclusion n = 6 or n = 10. In the first case i(X) = a+2 = 5
and we get case (a) by the classification of del Pezzo manifolds, see [Fu]. In the
second case, i(X) = 8, leading to case (b) by [Muk]. 
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Remarks 3.10. (1) If X ⊂ P 3n2 is not a complete intersection, it is called a
Hartshorne manifold. G(1, 4) ⊂ P9 and S10 ⊂ P15 are such examples, the
first one being due to Hartshorne himself. So, for quadratic manifolds we
proved not only that the (HC) holds, but also that the above examples are
the only Hartshorne manifolds. This shows, once again, how mysterious
the general case of the (HC) remains!
(2) Working with local differential geometric techniques, as in [GH, IL], Lands-
berg [La] proved that a (possibly singular) quadratic variety satisfying
n > 3c+ b− 1 is a complete intersection, where b = dim(Sing(X)).
REFERENCES
[BC] E. BALLICO, L. CHIANTINI, On smooth subcanonical varieties of codimension 2 in Pn,
n > 4, Ann. Mat. Pura Appl. 135 (1983), 99–118.
[Ba] W. BARTH, Submanifolds of low codimension in projective space, in Proceedings of the In-
ternational Congress of Mathematicians (Vancouver, 1974), Canadian Mathematical Con-
gress, 1975, pp. 409–413.
[BL] W. BARTH, M.E. LARSEN, On the homotopy groups of complex projective algebraic man-
ifolds, Math. Scand. 30 (1972), 88–94.
[BI] M.C. BELTRAMETTI, P. IONESCU, On manifolds swept out by high dimensional quadrics,
Math. Z. 260 (2008), 229–234.
[BSW] M.C. BELTRAMETTI, A.J. SOMMESE, J. WIS´NIEWSKI, Results on varieties with many
lines and their applications to adjunction theory, in Complex Algebraic Varieties (Bayreuth,
1990), Lecture Notes in Math., vol. 1507, Springer, 1992, pp. 16–38.
[BEL] A. BERTRAM, L. EIN, R. LAZARSFELD, Vanishing theorems, a theorem of Severi and the
equations defining projective varieties, J. Amer. Math. Soc. 4 (1991), 587–602.
[De] O. DEBARRE, Higher-Dimensional Algebraic Geometry, Universitext, Springer, 2001.
[Fa] G. FALTINGS, Ein Kriterium fu¨r vollsta¨ndige Durchschnitte, Invent. Math. 62 (1981), 393–
402.
[Fu] T. FUJITA, Classification Theories of Polarized Varieties, London Math. Soc. Lecture Note
Ser., vol. 155, Cambridge Univ. Press, 1990.
[FH] W. FULTON, J. HANSEN, A connectedness theorem for projective varieties, with applica-
tions to intersections and singularities of mappings, Ann. of Math. 110 (1979), 159–166.
[GH] P. GRIFFITHS, J. HARRIS, Algebraic geometry and local differential geometry, Ann. Sci.
Ecole Norm. Sup. 12 (1979), 355–432.
[Ha] R. HARTSHORNE, Varieties of small codimension in projective space, Bull. Amer. Math.
Soc. 80 (1974), 1017–1032.
[Hw] J.M. HWANG, Geometry of minimal rational curves on Fano manifolds, in School on Van-
ishing Theorems and Effective Results in Algebraic Geometry (Trieste, 2000), ICTP Lect.
Notes, vol. 6, Abdus Salam Int. Cent. Theoret. Phys., 2001, pp. 335–393.
[HK] J.M. HWANG, S. KEBEKUS, Geometry of chains of minimal rational curves, J. Reine
Angew. Math. 584 (2005), 173–194.
[HM] J.M. HWANG, N. MOK, Rigidity of irreducible Hermitian symmetric spaces of the compact
type under Ka¨hler deformation, Invent. Math. 131 (1998), 393–418.
[HM2] J.M. HWANG, N. MOK, Birationality of the tangent map for minimal rational curves, Asian
J. Math. 8 (2004), 51–63.
[HM3] J.M. HWANG, N. MOK, Prolongations of infinitesimal linear automorphisms of projective
varieties and rigidity of rational homogeneous spaces of Picard number 1 under Ka¨hler
deformation, Invent. Math. 160 (2005), 591–645.
[Io] P. IONESCU, On manifolds of small degree, Comment. Math. Helv. 83 (2008), 927–940.
MANIFOLDS COVERED BY LINES 11
[IR] P. IONESCU, F. RUSSO, Varieties with quadratic entry locus. II, Compositio Math. 144
(2008), 949–962.
[IR2] P. IONESCU, F. RUSSO, Conic-connected manifolds, J. Reine Angew. Math. 644 (2010),
145–157.
[IL] T.A. IVEY, J.M. LANDSBERG, Cartan for Beginners: Differential Geometry via Moving
Frames and Exterior Differential Systems, Grad. Stud. Math., vol. 61, Amer. Math. Soc.,
Providence, RI, 2003.
[Ko] J. KOLLA´R, Rational Curves on Algebraic Varieties, Ergeb. Math. Grenzgeb. (3), vol. 32,
Springer, 1996.
[La] J. M. LANDSBERG, Differential-geometric characterizations of complete intersections, J.
Diff. Geom. 44 (1996), 32–73.
[Mo] S. MORI, Projective manifolds with ample tangent bundle, Ann. of Math. 110 (1979), 593–
606.
[Mo2] S. MORI, Threefolds whose canonical bundles are not numerically effective, Ann. of Math.
116 (1982), 133–176.
[Muk] S. MUKAI, Biregular classification of Fano 3-folds and Fano manifolds of coindex 3, Proc.
Nat. Acad. Sci. USA 86 (1989), 3000–3002.
[Mum] D. MUMFORD, Varieties defined by quadratic equations, in Questions on Algebraic Vari-
eties (C.I.M.E., III Ciclo, Varenna, 1969), Ed. Cremonese, Rome, 1970, pp. 29–100.
[Ne] N. YU. NETSVETAEV, Projective varieties defined by a small number of equations are
complete intersections, in Topology and Geometry — Rohlin Seminar, Lecture Notes Math.
1346, Springer, 1988, pp. 433–453.
[Ru1] F. RUSSO, Tangents and Secants of Algebraic Varieties. Notes of a Course, Publicac¸o˜es
Matema´ticas, IMPA Rio de Janeiro, 2003.
[Ru2] F. RUSSO, Varieties with quadratic entry locus. I, Math. Ann. 344 (2009), 597–617.
[Ru3] F. RUSSO, Lines on projective varieties and applications, Rend. Circ. Mat. Palermo, to
appear, DOI: 10.1007/s12215-011-0072-0; arXiv:1009.3637.
[Te] A. TERRACINI, Alcune questioni sugli spazi tangenti e osculatori ad una varieta´, I, II, III,
Selecta Alessandro Terracini, 24–90, Edizioni Cremonese, Roma, 1968.
[Wi] J. WIS´NIEWSKI, On a conjecture of Mukai, Manuscripta Math. 68 (1990), 135–141.
[Za] F.L. ZAK, Tangents and Secants of Algebraic Varieties, Transl. Math. Monogr., vol. 127,
Amer. Math. Soc., 1993.
UNIVERSITY OF BUCHAREST, FACULTY OF MATHEMATICS AND COMPUTER SCIENCE,
14 ACADEMIEI ST., 010014 BUCHAREST
AND
INSTITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY, P.O. BOX 1-764, 014700
BUCHAREST, ROMANIA
E-mail address: Paltin.Ionescu@imar.ro
DIPARTIMENTO DI MATEMATICA E INFORMATICA, UNIVERSITA` DEGLI STUDI DI CATANIA,
VIALE A. DORIA, 6, 95125 CATANIA, ITALY
E-mail address: frusso@dmi.unict.it
